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1. Introduction
We assume that F is an infinite field of arbitrary characteristic p = charF ≥ 0.
All vector spaces, algebras and modules are over F and all algebras are associative.
An algebra may not have a unity.
For a commutative ring K denote by K〈X〉 the free K-module, freely generated
by all non-empty products of letters x1, x2, . . . Given a ring R of the characteristic
m ≥ 0, a polynomial identity of R is an element f(x1, . . . , xn) of Zm〈X〉 such
that f(r1, . . . , rn) = 0 in R for all r1, . . . , rn ∈ R, where Zm stands for Z/mZ
in case m > 0 and Z0 = Z. Similarly we can define a polynomial identity of
an F-algebra A as an element of F〈X〉. A ring (an algebra, respectively) which
satisfies a polynomial identity is called a PI-ring (PI-algebra, respectively). For
short, polynomial identities are called identities.
Consider a ring R with two subrings R1 and R2 satisfying condition R = R1+R2
(i.e. any element of R is equal to the sum r1 + r2 for some r1 ∈ R1 and r2 ∈ R2).
In 1995 K.I. Beidar and A.V. Mikhalev posted the following question which is still
open (see [2]):
Is it true that if R1 and R2 satisfy polynomial identities, then R also satisfies a
polynomial identity?
The same question can also be asked for algebras over a base field F.
The positive answer to this question is known in many cases. O.H. Kegel [4]
established that if R1 and R2 are nilpotent, then R is also nilpotent. By the result
of Bahturin and Giambruno [1], if R1 and R2 are commutative rings, then R satisfies
the identity [x, y][a, b] = 0, where [x, y] = xy − yx. In the above mentioned paper
by K.I. Beidar and A.V. Mikhalev [2] it was shown that if R1 and R2 satisfy the
identity [x1, x2] · · · [x2n−1, x2n] = 0, then R is a PI-ring. In [6] and [7] M. Kepczyk
and E.R. Puczylowski established that if R1 satisfies the identity x
n = 0 and R2 is
a PI-ring, then R is also a PI-ring.
It is also known that the question has a positive answer when some additional
conditions are imposed on products of elements of R1 and R2. Namely, it was shown
by L.H. Rowen [11] in 1976 that one of such conditions is the following one: R1 and
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R2 are both left (or right) ideals of R. Then M. Kepczyk and E.R. Puczylowski [8]
established that it is enough to assume that R1 is a left or right ideal. Moreover,
B. Felzenszwalb, A. Giambruno and G. Leal [3] extended this result even further
by proving that the statement of the question holds in case (R1R2)
k ⊂ R1 or
(R1R2)
k ⊂ R2 for some k > 0. They also imposed the following upper bound on
the degree D′ of the polynomial identity which is valid in R:
D′ ≤ aa + 1 for a = 8e(kd(d− 1)− 1)2(d− 1)2,
where R1 and R2 satisfy identities of degree d, and e in the basis of the natural
logarithms.
An F-algebra B is said to almost satisfy some property if there exists a two-
sided ideal I of B of finite codimension which satisfies this property. In 2008 M.
Kepczyk [10] established that if R1 and R2 are almost nilpotent F-algebras, then
R is also a nilpotent F-algebra. In a recent preprint [10] M. Kepczyk extended the
mentioned result to the case of arbitrary identities f1, f2 with the following property:
the conjecture by Beidar and Mikhalev holds for all rings R1, R2 satisfing f1 and
f2, respectively.
In Corollary 2.2 we improve the known upper bounds (see [1]) on the degree of
identity of R over a field of positive characteristic. In Corollary 2.3 we show that
the results of [1] hold in case R1 and R2 almost satisfy the following property: there
are k and i = 1, 2 such that (R1R2)
k ⊂ Ri. The main result of this paper unites
Corollary 2.2 and 2.3 (see Theorem 2.1).
2. Symmetric identities
In 1993 A. Kemer [5] established that I.B. Volichenko’s conjecture holds, which
claims that any PI-algebra over a field of positive characteristic satisfies the sym-
metric identity
sd =
∑
σ∈Sd
xσ(1) · · ·xσ(d)
for some d, where Sd stands for the group of permutations.
We assume that A = A1 + A2, where A1 and A2 are PI-algebras over a field F
of positive characteristic p.
Theorem 2.1. Let A1 and A2 satisfy the symmetric identities of degrees d1 and
d2, respectively. Assume that there exist k > 0 and vector spaces Vi ⊂ Ai of finite
codimensions ti (i = 1, 2) such that (V1V2)
n is a subset of A1 or A2. Then A
satisfies the symmetric identity of degree
D = ((d1 + d2 − 2)(kdi + 2)− 1)((t1 + t2)(p− 1) + 1) + 1.
Corollary 2.2. Let A1 and A2 satisfy the symmetric identities of degree d1 and
d2, respectively, and (A1A2)
k is a subset of Ai for i = 1, 2. Then A satisfies the
symmetric identity of degree D = (d1 + d2 − 2)(kdi + 2).
Corollary 2.3. Let A1 and A2 satisfy the symmetric identities of degrees d1 and
d2, respectively. Assume A1 and A2 almost satisfy the following property: (A1A2)
k
is a subset of A1 or A2 for some k > 0. Then A is a PI-algebra.
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Let us prove the theorem. Consider sD(a1, . . . , aD) for a1, . . . , aD from A. At
first assume that (A1A2)
k ⊂ A1. Since sD is linear and A = A1 +A2, without loss
of generality we can assume that a1, . . . , aD are elements of A1 ∪ A2.
Given σ ∈ SD and i, j ≥ 0 with i + j ≤ D, denote by bσ(i, j) the product
bσ(i+1) · · · bσ(i+j) in case j > 0, and bσ(i, 0) = 1. Similarly, we denote by cσ(i, j) the
product cσ(i+1) · · · cσ(i+j) in case γ > 0, and cσ(i, 0) = 1. Denote by ∆r,s the set of
all sequences (β1, γ1, . . . , βm, γm) such that m ≥ 1, β1, γm ≥ 0, γ1, β2, γ2, . . . , βm ≥
1 and β1 + · · ·+ βm = r, γ1 + · · ·+ γm = s.
We start with the case of t1 = t2 = 0, i.e. (A1A2)
k is a subset of A1 or A2.
Therefore, D = (d1 + d2 − 2)(kd1 + 2). Without loss of generality we can assume
that a1 = b1, . . . , ar = br are elements of A1 and ar+1 = c1, . . . , aD = cs are
elements of A2 for some r, s ≥ 0 satisfying the equality r + s = D. Thus
sD(b1, . . . , br, c1, . . . , cs) =
∑
δ∈∆r,s
sδ,
where for δ = (β1, γ1, . . . , βm, γm) we write sδ = sδ(b1, . . . , br, c1, . . . , cs) for∑
σ∈Sr , τ∈Ss
bσ(0, β1)cτ (0, γ1) · · · bσ(β1 + · · ·+ βm−1, βm)cτ (γ1 + · · ·+ γm−1, γm).
If βi ≥ d1 or γi ≥ d2 for some i, then sδ = 0 in A, since A1 and A2 satisfy the
symmetric identities of degrees d1 and d2, respectively.
Assume that βi ≤ d1 − 1 and γi ≤ d2 − 1 for all i. For short, denote bσ(1) =
bσ(0, β1), . . . , bσ(m) = bσ(β1 + · · · + βm−1, βm) and cτ (1) = cτ (0, γ1), . . . , cτ (m) =
cτ (γ1 + · · ·+ γm−1, γm). Obviously, bσ(1), . . . , bσ(m) are elements of A1 ∪ {1} and
cτ (1), . . . , cτ (m) are elements of A2 ∪ {1}. Using new notations we obtain
sδ =
∑
σ∈Sr, τ∈Ss
bσ(1)cτ (1) · · · bσ(m)cτ (m).
Let us recall that β1 + · · · + βm + γ1 + · · · + γm = D. Thus D ≤ m(d1 + d2 − 2)
and m ≥ kd1 + 2.
For fixed δ, k and some i ≥ k, σ ∈ Sr, τ ∈ Ss, we write wσ,τ (i) for the product
bσ(i− k + 1)cτ (i− k + 1) · · · bσ(i)cτ (i).
By the condition of the theorem, wσ,τ (i) ∈ A1 in case k < i < m. Sincem ≥ kd1+2,
we can rewrite sδ as follows:
sδ =
∑
bσ(1)cτ (1)
(∑
wσ,τ (k + 1)wσ,τ (2k + 1) · · ·wσ,τ (kd1 + 1)
)
∗bσ(kd1 + 2)cτ (kd1 + 2) · · · bσ(m)cτ (m),
where the first sum ranges over all σ ∈ Sr, τ ∈ Ss with σ(β1 + · · ·+ βk+1) < · · · <
σ(β1 + · · ·+ βkd1+1) and the second sum interchanges w-as. Therefore, the second
sum is zero in A and sδ is zero as well. Thus A satisfies the identity sD(a1, . . . , aD).
Consider the general case of t1 ≥ 0 and t2 ≥ 0. There exists a vector space
Ui of dimension ti such that Ai is the direct sum of Vi and Ui (i = 1, 2). Let
vi1, vi2 . . . be an F-basis for Vi and ui1, . . . , uiti be an F-basis for Ui. Without
loss of generality we can assume that a1, . . . , aD are elements of the bases under
consideration. Denote by li the number of elements of the set a1, . . . , aD from the
basis of Ui. If li ≥ pti − ti + 1, then sD(a1, . . . , aD) = 0. This remark follows from
the fact that if w1, . . . , wli are some elements from the bases of Ui, where li is as
above, then sD(w1, . . . , wli) = p!h = 0 for some h ∈ Ai.
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Assume that li ≤ pti − ti for i = 1, 2. Then sD(a1, . . . , aD) is the sum of all
elements of the following form: ∑
y0z1y1 · · · zqyq,
where z1, . . . , zq are monomials of elements of the bases of U1 and U2 and y0, . . . , yq
are monomials of elements of the bases of V1, and the sum interchanges all letters
of monomials y0, . . . , yq. Here only monomials y1 and yq can be empty. Since
degree of z1 . . . zq is l1 + l2 ≤ (t1 + t2)(p − 1), there is j such that the degree of
yj is greater or equal to (d1d2 − 2)(kd1 + 2). The case of t1 = t2 = 0 implies that
sD(a1, . . . , sD) = 0.
The proof in the case of (A1A2)
k ⊂ A2 is the same.
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